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Heavy quarkonium plays an important role in understanding the QCD factorization theory. Its inclusive annihilation provides one of the most interesting topics in heavy quarkonium physics. The annihilation of the spin-singlet S-and P -wave heavy quarkonium states to light hadrons (LHs) have been studied at the order of O(α s υ 2 ) [1, 2] within the framework of nonrelativistic QCD (NRQCD) [3] . However, those estimations still suffer from large scale uncertainties. To improve the accuracy of pQCD estimations, we adopt the principle of maximum conformality (PMC) [4−10] to set the renormalization scale.
To apply PMC, one can first finish the renormalization procedure by using an arbitrary initial scale µ init R , and set the optimal (PMC) scales by absorbing all non-conformal terms into the running coupling via a step-by-step way. The decay widths for |H[n] → LH up to O(α s v 2 ) can be written as : where O and P are long-distance matrix elements (LDMEs), the superscript [1] or [8] stands for colorsinglet or color-octet state, respectively. The NLO coefficient C 1 ([n]) can be divided into β-dependent nonconformal and β-independent conformal parts,
where β 0 = 11−2n f /3 and the latter β 1 = 51−19n f /3. For the conventional scale setting, the scale is fixed throughout the analysis once it has been set to an initial value, i.e. one usually takes µ R ≡ µ init R = 2m Q as its central value for the present heavy quarkonium decay. Applying PMC scale setting, the β 0 -dependent terms can be absorbed into PMC scale and we obtain
where the PMC scale µ
, and
where µ F is the factorization scale and the coefficients
After PMC scale setting, the PMC scale may close to or even smaller than Λ QCD in certain processes, which could lead to Landau pole problem for the running coupling. A small scale is reasonable since at higher orders more gluons are involved and all of them can share the typical momentum flow of the process and result in smaller renormalization scales. Such a small scale can explain the discrepancies between the conventional QCD predictions with the experimental data, e.g. it can shrink the gap between the pQCD estimation and experimental measurement for the top pair forward and backward asymmetry at the TEVA-TRON to be within 1σ [6] . Moreover, the commensurate scale relations among different renormalization schemes can smear such problem to a certain degree, since those relations between observables can be tested at quite low momentum transfers [11] . For the present η c and h c decay, their PMC scales are smaller than 1 GeV. At the low energy region, the natural extension of the running coupling is somewhat questionable. To achieve a more accurate pQCD estimation, we adopt several low-energy models [12−17] suggested in the literature to do our discussion, i.e.
• The APT model [12] , which is based on the analytic perturbative theory and takes the form
where
• The WEB model [13] , which is suggested by Webber to suppress the power correction of APT model and takes the form • The MPT model [14] , which is based on the 'massive' analytic pQCD theory. It suggests to use the effective glueball mass as the infrared regulator. The main idea of MPT is to change the logarithm ln µ
, in which the parameter ξ corresponds to the "effective gluonic mass" m gl = √ ξΛ QCD . It takes the following form
with α crit = 0.61 and ξ = 10. It is noted that the moment of the spin-dependent structure function calculated within MPT model is consistent with the experiment data down to a few hundred MeV.
• The BPT model [15] , which takes the following form
where t B = ln • The CON model [16] , which takes the following form
R ) stands for the running gluon mass, determined by the gluon mass m g = 0.34:
.
• The GI model [17] , which takes the following form
where Since the behavior of the running coupling is universal, the model parameters have been determined by each group via comparing with the known data for high energy processes. Further more, to apply those low-energy models, we also need to set the scale parameters. Using the two-loop α s running with α(M τ ) = 0.33 [18] , we predict the scale parameters for the conventional QCD running behavior, i.e. we have Λ Fig.1 .shows that as required, the low-energy models mainly change the low-energy behavior and their high-energy behaviors are almost unchanged in comparison with the conventional running coupling.
For the color-singlet LDMEs, they can be related to the wavefunction at the origin for S-wave states or the first derivative of the wavefunction at the origin for P -wave states. We adopt the wavefunctions of B-T potential model [19] to fix those LDMEs, i.e. |R ηc | 2 = 0.810GeV 
1 ) hc = 0.055GeV 7 . The color-octet LDMEs can be determined by the evolution equations [2, 3, 20, 21] :
Setting µ F = 2m c , we obtain O( 1 S 
In the calculation, we have taken υ 2 hc ≈ υ 2 ηc = 0.228 [1] and υ 2 h b ≈ υ 2 η b = 0.042 [2] . When varying the quark masses, those LDMEs shall be changed accordingly. After applying the PMC scale setting, we present the total decay widths for the conventional and the six low-energy effective running coupling models in Table 1 . As for the bottomonium case, the PMC scales are larger than 1 GeV, the results of all lowenergy models agree well with each other. As for the charmonium case, the conventional running coupling could be questionable, since the PMC scales for η c and h c are less than 1 GeV, i.e. µ PMC ηc = 0.93 GeV and µ PMC hc = 0.98 GeV. It is found that the total decay widths with the six low-energy effective models are consistent with each other, which are caused by the fact that those models have similar behavior around the region close to 1 GeV. In the following, we adopt MPT model to do a detail discussion on the heavy quarkonium decay properties. In Table 2 and Table 3 we present the decay widths with the MPT model before and after PMC scale setting. As shown by Table 2 , under the conventional scale setting, the decay widths depend heavily on the choice of scale. By varying µ R ≡ µ init R from m Q to 4m Q , the decay widths for η c , η b , h c and h b are changed by about 50%, 39%, 51% and 30% respectively. On the other hand, after the PMC scale setting, we observe that all of the decay widths remain almost unchanged by varying µ init R from m Q to 4m Q , thus the scale ambiguity is eliminated even at the NLO level. There is residual scale dependence due to unknown higher-order {β i }-terms, which however will be highly exponentially suppressed [5] . After the PMC scale setting, one can absorb/resum the {β 0 }-terms into the running coupling, and in principle, the LO decay widths shall be increased and the NLO decay widths shall be decreased. Thus, the pQCD convergence can be generally improved. As shown by Table  4 , this is indeed the case for most of the decays. For convenience, we define a parameter K, which equals to the ratio of the NLO decay width to the LO decay width. Under the conventional scale setting, the K factors for η c , η b and h c and h b are 75%, 62% and 78% respectively; while they change down to 21%, 8% and 11%, respectively. The only exception is h b decay, whose K factor is about 40% even after PMC scale setting, which means one needs to finish at least the NNLO calculation to achieve a better pQCD convergence for h b decay.
In the literature, another scale setting method, i.e. principle of minimum sensitivity (PMS) [22] , has also been suggested. Following the standard PMS procedures, we obtain
where c = β 1 /2β 0 , and the PMS effective coupling is a solution of the following equation:
Here A comparison of the PMC and PMS estimations by using MPT model has been put in Table 4 , in which the present experimental results on η c and η b are also presented. Due to the large errors from the bound state parameters such as the quark masses, both the PMC and PMS estimations are consistent with the experimental results within reasonable regions. As an estimation of h c decay, it has two dominant decay channels, by taking Γ(h c → γη c ) = 385 KeV [23] , we obtain Γ th (h c ) ≃ 0.925 MeV, which is consistent with Γ exp (h c ) = 0.73 ± 0.45 ± 0.28 MeV [24] . As for h b , it also contains two decay channels, the decay width γη b has been estimated by Refs. [25, 26, 27] . By taking Γ(h b → γ + η b ) = 37.0 KeV [26] , we obtain +5.6 −3.3 % [18] . In summary, we have made a detailed discussion on the decay widths for spin-singlet heavy quarkoniums under the PMC scale setting. After PMC scale setting, the renormalization scale uncertainty has been has been eliminated even at the NLO level. Thus, after applying PMC scale setting, it can eliminate an important theoretical error and increase the precision of QCD tests, which shall also increase the sensitivity of the collider experiments to new physics beyond the standard model [28] . More over, we show that the PMC estimations are also consistent with the PMS estimations for the present decay channels. The remaining uncertainties are from the bound state parameters such as the quark masses and the LDMEs. As a final remark, it is noted that the PMC scales of η c and h c are below 1 GeV, in such low-energy region, a proper low-energy running coupling is necessary. We have applied several low-energy running coupling models for the estimation. The results show that the decay widths under those models have similar results and are in reasonably consistent with the data.
